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Abstract: 

We consider dimensional crossover for an O(N) model on a <i-dimensional layered 
geometry of thickness L, in the cr-model limit, using "environmentally friendly" renor- 
malization. We show how to derive critical temperature shifts, giving explicit results 
to one loop. We also obtain expressions for the effective critical exponents 5 e s and 
/3 e g that interpolate between their characteristic fixed point values associated with a 
d and (d — l)-dimensional system in the limits T — > T C (L), with L(T — T C (L)) U — > oo, 
and T — > T C (L) for L fixed respectively, where T C (L) is the L-dependent critical 
temperature of the system. 
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1 Introduction 



Crossover behavior — the interpolation between qualitatively different effective de- 
grees of freedom of a system as a function of scale — is both ubiquitous and extremely 
important. Calculation of scaling functions associated with crossover behavior is, gen- 
erally speaking, much more difficult than the calculation of more standard universal 
quantities, such as critical exponents, the latter being calculable in an approximation 
scheme suitable for the asymptotic region around one critical point. 

An important, non-trivial and experimentally accessible example is seen in the 
context of confined systems and their analysis via finite size scaling. As far as the 
fluctuations in a system are concerned there is, in principle, a very marked difference 
between an "environment" consisting of infinite three dimensional space and a three 
dimensional box of "size" L. A general formalism for studying such crossover sys- 
tems using renormalization group (RG) methods is that of "environmentally friendly" 
renormalization [1]. To access the sensitivity to environment implicit in such a sys- 
tem it is necessary to implement a renormalization programme which is explicitly 
dependent on the relevant environmental parameters, such as finite size L. By so 
doing one can access several fixed points of one globally defined RG, and what is 
more, one may achieve this perturbatively using one uniform approximation scheme. 

The main gist of the approach is based on the simple intuition that, viewed as a 
coarse graining procedure, a "good" coarse graining will be one that when effected 
to a length scale comparable to any length scale set by the environment will reflect 
the influence of the latter by changing continuously as a function of scale the type 
of effective degree of freedom being coarse grained. However, and this is a point to 
be emphasized, although the intuition is grounded in a coarse graining procedure 
the actual mechanics are totally different to that of a Kadanoff/Wilson type coarse 
graining. Instead the formalism is based on the notion of a RG as describing the in- 
variance under reparametrization of a system, an idea which goes back to the original 
formulation of the field theoretic RG back in the '50's. Just as there are good and bad 
coarse grainings so there are good and bad reparametrizations. An "environmentally 
friendly" reparametrization is one that tracks the qualitatively changing nature of 
the effective degrees of freedom of a crossover system. As has been emphasized pre- 
viously a necessary condition for an enviromentally friendly RG to satisfy is that the 
number of fixed points of the RG, defined globally on the space of parameters, be dif- 
feomorphic to the number of points of scale invariance of the system. Unfortunately, 
favourite forms of field theoretic renormalization, such as minimal subtraction, man- 
ifestly do not satisfy this criterion and therefore are of only limited use in describing 
crossover behavior. 

Previously [pj, we have considered crossover behaviour for an O(N) model in the 
context of a Landau- Ginzburg- Wilson representation of the underlying lattice model 
based on a \tp 4 theory. Given that for a dimensional crossover e expansion methods 
cannot work a fixed dimension expansion was used to access the crossover the essential 
characteristics of the perturbation theory being based on an expansion around the 
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Gaussian fixed point. As is well known, when an O(N) symmetry is spontaneously 
broken massless Goldstone modes give singularities at large distances for any value 
of the temperature. The thermodynamics of these spin waves is described in the long 
distance limit by a Landau-Ginzburg- Wilson Hamiltonian which is that of the field 
theoretic non-linear cx-model 0. The appropriate expansion parameter in this case is 
the temperature, T, and hence perturbation theory corresponds to a low temperature 
expansion. 

Crossover behaviour in the context of the non-linear cx-model has been considered 
previously. In particular, Amit and Goldschmidt extended their original treatment of 
bicritical systems above the critical temperature using Generalized Minimal Subtrac- 
tion H to below the critical temperature || thus describing the crossover between a 
system exhibiting an O(N) symmetry to that of an O(M) symmetry. In this case e 
methods were perfectly feasible due to the fact that the upper critical dimension of 
the two fixed points was the same. In the context of finite size scaling Brezin and 
Zinn- Justin described crossover of the non-linear cx-model in the context of a box or 
a cylinder || by treating the lowest infra-red modes of the system non-perturbatively 
while treating other modes in a perturbative e expansion. However, this method does 
not work in the context of a dimensional crossover such as in a thin film where the 
reduced dimension system also exhibits a non-trivial fixed point. 

More recently, the quantum version of the non-linear cx-model has generated 
a great deal of attention as it can describe the long-wavelength, low-temperature 
behaviour of a two-dimensional quantum Heisenberg ferromagnet which in turn has 
been proposed as a model of high-temperature superconductors. Given the close anal- 
ogy between a (d+ l)-dimensional layered system with periodic boundary conditions 
and a ci-dimensional quantum system it is certainly of interest from this point of view 
to investigate further dimensional crossover in the context of the non-linear cx-model. 

In this paper we will consider dimensional crossover of a ferromagnet with O(N) 
symmetry in the broken phase using as starting point the non-linear cx-model and 
utilizing the techniques of environmentally friendly renormalization to access the full 
universal crossover behaviour. One of the benefits of doing so is a better understand- 
ing of how environmentally friendly renormalization functions in the context of a low 
temperature expansion as opposed to an expansion around the critical point. 

In section 1 we briefly outline some important features of the non-linear cx-model. 
In section 2 we consider some formal renormalization results leaving explicit one 
loop answers for the case of dimensional crossover in a film geometry to section 3. 
In section 4 we calculate the shift in critical temperature due to finite size effects 
while in section 5 we derive one-loop expressions for some relevant effective critical 
exponents in the broken phase. Finally, in section 6 we draw some conclusions. 



3 



2 The Non-Linear cr-Model. 



We begin with the Landau- Ginzburg- Wilson Hamiltonian for a Heisenberg model 
with O(N) symmetry in the cx-model limit on a <i-dimensional (d < 4) film geometry 
of thickness L 

H[<p B ] = Y B t I ^ Q V ^ V ^ ~ BbWvb) ■ CO 

where i E [1, N], jj, 6 [1, d], Tb is proportional to the temperature of the system and 
ip l B is subject to the constraint 

<Pb<Pb = 1 (2) 
We will restrict our attention here to the case of periodic boundary conditions. 

The partition function Z is obtained by performing the path integral over the 
order parameter fields, <p B , with the Hamiltonian (|I|) subject to the constraint (|2|). 
Choosing the direction of symmetry breaking to be along the Nth direction we define 
<p N = a and tp % = n l , (i ^ N). The constraint implies that cr(x) = ±(1 — ti 2 )^. Thus 
the partition function becomes 



Z[H, J] 



Clearly this theory is highly non-polynomial. The non-trivial measure term, which 
ensures the O(N) invariance of the theory, can of course be exponentiated and ex- 
panded in powers of n 2 . These terms are necessary to cancel corresponding O(N) 
non-invariant terms that arise in perturbation theory. We will assume that such terms 
have been cancelled in the rest of this paper and not consider them further. Rotations 
are implemented linearly in the (N — l)-dimensional 7r J -subspace and non-linearly in 
the 7T 2 — cr directions. A rotation by an infinitesimal u l induces the changes 

5tx\x) = (1 — 7r i3 (ar))W (4) 

5(1 -7T i2 (x))^ = -wV(ar) (5) 

As long as |7r l | < 1 the symmetry will remain broken. As T — ► 0, a(x) — > 1. 

From the way in which T appears in (^) we can see that an expansion in terms of 
temperature is equivalent to an expansion in the number of loops, the only subtlety 
being that the measure term is then linear in T and therefore contributes to an higher 
order in T than the other two terms. The free propagator for the 7r field in the absence 
of a magnetic field is 

GW*) = (6) 
The magnetic field coupled to the a field acts as an IR cutoff. This can be seen by 

. 2 l 

expanding the term H B (1 ~' k b ) 5 m powers of n. The resulting two-point vertex 
function is 

r?>(*) = (7) 

i-B 
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From the form of the Hamiltonian, in terms of an expansion in tt, there are 
interactions of arbitrary order. However, interactions with more than four powers of 
tt contribute at higher than one loop order, i.e. more powers of the "small" coupling 
T. Consequently to first order in T, i.e. one loop, one need only consider the four- 
point interaction 

-±- £ (k 2 + Hs^k^k - ^K(-A; 2 K(A; 2 - k) (8) 

° 1 B klk2k 

In this paper we will restrict our attention to 0(T) results and therefore will not 
consider higher order interactions any further. 



3 Renormalization 

In spite of the fact that the theory is non-polynomial, as is well known |2j , it is renor- 
malizable using only two renormalization constants Z? and Z v associated with the 
temperature and the field respectively. The relation between the bare and renormal- 
ized parameters is 

T B = Z T T tt b = ZV'tt (9) 

To preserve the rotational invariance of the renormalized constraint the field a must 
renormalize in the same way as tt. Invariance of the term H ^ B thereby yields the 
renormalization of H 

H B = Z T Z*?H (10) 



The bare and renormalized vertex functions are related via 

rW(ki, T, H, L, k) = Z7V { S (h, T B , H B , L, A) (11) 



where k is an arbitrary renormalization scale and A an ultraviolet cutoff. The RG 
equation, which is a consequence of the k invariance of the bare theory, follows 
immediately on differentiating ([TT]) with respect to k 



Cf) f) 8 N \ 

k Tk + % + Ph W ~ T 7 7 r ^ )( ^' T ' H ' L}K) = (12) 

where we have introduced a dimensionless temperature t = TK d ~ 2 and 7^ = is 
the anomalous dimension of the field. The two /3-functions are 

A = (d-2)t-t^ (13) 

p _ dlnZ n _ dlnZ T 
dhiK d\nn 
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The two renormalization constants must be fixed by normalization conditions. 
The essence of environmentally friendly renormalization is that in order to obtain a 
perturbatively well defined description of the crossover the renormalization procedure 
must depend explicitly on L. The normalization conditions we will use are 

TY {2 \k = 0, t(«, Lk), H(k, Lk) = k 2 , L, k) = k 2 (15) 

^TT®(k,t(K,LK),H(K,LK) = K 2 ,L,K)\ k=0 = 1 (16) 

Note that TT (2) is just the inverse susceptibility associated with the tt field. 



4 Explicit Results 

We now proceed to examine the crossover perturbatively. To one loop 
<2) fu _ n ,_H B , (N-1)H B ^ f d d - l p 1 



KB(k ~ 0) " T B + 2 L J^J (27r)« p 2 + H B + (17) 
Using the normalization conditions ( pT5|) and (|T6|) one finds 
v (N - 1) t ~ f d^y 



2Lk (2tt)*-V + 1 + w 

and 

z -l (iV ~ 2) t v / ^ 1 



The /^-function (3 t is thus given by 



(3 t (t,LK) = (d-2)t- 2{N T 2) t 2 y /t^t 1 1 2 a (20) 



There are three different fixed points associated with (20), a <i-dimensional ultraviolet 
fixed point in the limit Lk — * oo, K — > oo; a (d— 1) -dimensional ultraviolet fixed point 
in the limit Lk — > 0, k — > oo; and finally, a zero temperature infrared fixed point in 
the limit k — ► 0. However, the approach to t — depends on whether we consider 
k — ► for fixed L or — > oo, k — ► 0. 

Because the coupling £ was made dimensionless with a factor K d - 2 , in the limit 
Lk — > 0, k —>■ oo one finds that i — > O(Lk). However, as emphasized in [I], this 
does not imply that in the dimensionally reduced limit that fluctuations are unim- 
portant, as loops enter with a factor (Lk)^ 1 , which diverges. The issue is made more 
transparent in this limit by passing to a more appropriate coupling t' = t/Ln. In 
the dimensionally reduced limit t' — > 0{d! — 2), where d' = d — 1, while in the bulk 



6 



limit t' — > 0(1/ Lk). Thus looks more natural in the dimensionally reduced limit 
and t in the bulk limit. Of course, these simple changes of variables cannot affect the 
results for physical quantities they just help make more transparent what is going on. 
A coupling that is natural across the entire crossover, the floating coupling, can be 
introduced . It is defined via h = a^t in the present case, where is the coefficient 
of t 2 in equation Q2t3p. 

In terms of the floating coupling one finds 

= e(LK)h - h 2 (21) 

UK 

where 

Eoo 
n=— c 







4ir 2 n 2 








(27r) d -! 


{y 2 - 




d d ~ 1 y 




1 


(27r) d - 1 


(y 2 - 





e(Ln)=d-3 + A— (22) 

The quantity d e g = 2 + s(Lk) can be interpreted as a measure of the effective di- 
mension of the system interpolating between d and d — 1 in the limits Lk — ► oo 
and L/t — > respectively, where in both cases we are considering k — > oo, i.e. the 
behaviour near the critical point. 
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Figure 1: Graph of separatrix solution of ( f2~T|) as function of In kL. 

The corresponding fixed points for h are: d — 2, d — 3 and 0. In Figure 1 we see a 
plot of ft as a function of ln for d = 3. In this case, as the theory is asymtotically 
free in two dimensions, the coupling goes to zero in the dimensionally reduced limit, 
i.e. the (d — l)-dimensional ultraviolet fixed point and the trivial infrared fixed 
points coincide. This dimensional crossover in the coupling is controllable in the low 
temperature expansion. It is in fact the solution to ( pT]) that we use as a "small" 
parameter in the perturbative expansion of all other quantities. It is the fact that 
h captures the crossover between the different fixed points that gives us a uniform 
expansion parameter and therefore perturbative control of the crossover. Of course 
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when <i — 2 is not small one really needs to work to higher order and attempt some 
resummation method. It should be clear however that there is no impediment to 
continuing this calculation to arbitrary order in the loop expansion. 
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Figure 2: Graph of separatrix solution of ( pT|) as function of In kL. 

In Figure 2 we see the corresponding result for d = 3.5. Here, the "double" 
crossover between the different fixed points is manifest. Asymptotically in the ul- 
traviolet there is a fixed point at h — 1.5 that corresponds to the 3.5-dimensional 
critical point. In the intermediate region h asymptotes to the critical point of the 
2.5-dimensional dimensionally reduced theory while, finally, in the infrared h — > cor- 
responding to behaviour controlled by the zero-temperature fixed point that controls 
the coexistence curve. 

Turning now to the anomalous dimension of the field, 7^, we find 

_ 2(N-1) ~ r d d ^y 1 
or in terms of the floating coupling 

The anomalous dimension also exhibits a dimensional crossover, as can be seen 
in Figure 3, for the case d — 3, N — 3, 4, 5, interpolating between the values 
(^z§) ~~ 2) and (^z|) ~~ 3) in the limits Lk — > 00 and Lk — > respectively, 
where once again we are considering the behaviour near the critical point. Note 
that in contrast to the case of an expansion around the critical point using a ip A 
Landau-Ginzburg- Wilson Hamiltonian 7^ isn't simply the critical exponent rj. This 
is due to the fact that the canonical dimension of the fields 7r and a here is zero. 
The bulk, L —>• 00, value of 7^ is 7^(00) = (d — 2 + r\) where the critical exponent 
1] = (d — 2)/(N — 2). In the limit Lk — > 0, k —>■ 00 we see that 7^ — > {d! — 2 + r/') where 
d' — d — 1 and r/ = (d' — 2)/(N — 2) is the critical exponent of the dimensionally 
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Figure 3: Graph of gf = 7^ on the separatrix solution of (|21|) as a function of In kL. 



reduced system. In the large- N limit, iV — > 00, note that 7^ — > h — d e cS , where is 
the effective dimension that was found in considerations of dimensional crossover in 
the large- N limit of a \ip 4 theory p]. 



5 Critical Temperature Shift 

The (3 function equation is easily integrated to find 



^ ' = 77 S*-2 ,\ (25) 



where Ki and are the initial arbitrary renormalization scale and temperature . The 
function / is 

p/ . 2(N-2) ™ ds , gg^g , , 

/L/c =-7TT t 1 E / — e^e"— (26) 
(4tt)2 „=_oo J o s— 



In the limit L — > 00 equation ( Pq) becomes 

ft 



where /(oo) simply picks out the n = term in the sum in f(Ln). Choosing the 
initial temperature and initial scale in and ( P7|) to be the same one obtains 



m = f (/M " f(oo))n' d - 2 ^ (28) 
00) y J Ki k 



\T(L) T( 

where a factor of ft 2_d has been absorbed into the dimensionless temperature. The 
interpretation of equation (ESI) is that given a particular renormalization scale k in 
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two systems of size L and of infinite size then the corresponding temperatures in the 
two systems are related as above. Given that the limit k — > oo corresponds to the 
approach to the critical point we can take this limit in ( pgf) to find 

/ ' ' ^ ^MLKi) - /(oo)) (29) 



\T C (L) T c (oo) J 2 

Taking the limit ftj — » corresponds to choosing the initial dimensionless temperature 
to be zero. The shift then becomes 

/ i i \ u . 

(30) 



\T C (L) T c (oo)J L<*-2 
where the dimension dependent constant bd is 

^ = ^r(^) f (.-2) (3i) 

The result (^) is fully in agreement with the expectations of finite size scaling || 
with the exponent v = l/(d— 2). In the limit d — > 3 bd — > oo as there is a divergence 
in the ( function at d = 2. This corresponds to the fact that the the shift is ill defined 
due to the non-existence of a critical point in two dimensions as discussed by Barber 
and Fisher M. 



6 Effective Exponents 

A useful set of universal scaling functions are defined by effective critical exponents 
that interpolate between those characteristic of the end points of the crossover of 
interest. Here, given that the non-linear cx-model is restricted to the broken phase we 
concentrate on the two effective exponents /3 e g and S e s defined as 



^cfT 



d In a 



dlnH 



d\rta 



eff 



d\n(t c (L) - t) 



(32) 



H=0 



where <5 e fr is defined along the critical isotherm of the finite size system and /3 e ff on the 
coexistence curve of the finite size system. To derive j3 e g we solve the RG equation 
for the magnetization, (p with initial condition (p{K — 0) = 1. We then substitute the 
anomalous dimension (124D and consider the limit Lk — > oo to find 



d I T f°° dx 
^ = p- {tc( L)-t)-t-l A 7 ,(x, () - 



(33) 



where (3 = vid — 2 + if)/ 2 is the bulk exponent and A7„- = 7^ — (c? — 2 + 77). 
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In the limit (t c (L) - t) -> Q, L d - 2 (t c (L) - t) -»• oo one finds that /3 eff -> - 
2 + r/)/2, while in the limit (t c (L) - 1) -> 0, L d - 2 {t c {L) - 1) -»• one obtains /5 eff -> 
v'(d! — 2 + 7}')/2. At one-loop order, using equation fl2"4[) , /3 e g- interpolates between the 
above asymptotic values, where now y = l/(d—2),rj = (d— 2)/(JV— 2), z/ = l/(d'— 2), 
rj' = (d' - 2) /(JV - 2) and d' = d - 1. 

Similarly, one finds for <5 e ff that 



7* 



5eff (2d- 77r -2 Tt ) 



(34) 



where 7 t = {(3 t /t). In the limit (t c (L) - t) -»• 0, L l ' u (t c (L) - t) -»• oo one has 
7 W — > (d — 2 + 77) and 7t — > 0. Hence, we see that 5 e g — > (d + 2 — ?y)/(d — 2 + 77). In 
the limit (t c {L) - 1) -»• 0, L l / v {t c {L) - 1) -»• one finds that 7?r -> (d ; - 2 + r/) and 
7t — > 1. Thus, in this limit 5 c g — > (d' + 2 — 77') /(d' — 2 + 77'), where d' and 77' are as 
above. At the one-loop level 7^ is as given by ( p4|) and 7t = e(Lk) — h. In Figure 4 
we see a graph of 5^ as a function of lnL/t for d = 3 and iV = 3, 4, 5 where the full 
dimensional crossover is evident. 
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Figure 4: Graph of 1/d = 1 / <5 e ff on the separatrix solution of ( pTj) as function of ln kL 



7 Conclusions 

In this paper we have used environmentally friendly renormalization to consider di- 
mensional crossover in the context of a non-linear a-model on a d-dimensional film 
geometry with periodic boundary conditions. Using an explicitly L dependent renor- 
malization we derived one loop formulas for the anomalous dimension of the Goldstone 
field and for the /3-function, describing the flow of the temperature as a function of 
RG scale. We found that there were three fixed points exhibited in the one differen- 
tial equation. A d-dimensional critical point, a (d— l)-dimensional critical point and 
a zero temperature infra-red fixed point. The (3 function when integrated described 
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the global flow between all three of these fixed points. Critical temperature shifts 
are a particularly interesting consequence of finite size behaviour. Here, we showed 
how such shifts could explicitly be calculated finding an expression to one-loop in 
agreement with finite size scaling arguments. 

Finally, we derived one-loop expressions for the two effective critical exponents f3 e g 
and S e ff showing how they interpolated between the asymptotic expressions associated 
with the corresponding d and (d — l)-dimensional critical exponents. Evidently there 
is much more that could be done, such as deriving the full equation of state etc. Of 
particular interest will be to adapt the results to that of a quantum non-linear a- 
model and apply them to the case of a high-temperature superconductor. The same 
mathematical model, though with a quite different physical interpretation, will also 
describe a <i-dimensional relativistic, quantum field theoretic non-linear cr-model. We 
hope to return to these interesting issues in a future publication. 
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